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FOREWORD

The investigation described in this report was conducted by
the Aerodynamics Branch of the Aircraft Laboratory, Aeronautics
Division, Wright Air Development Center. The work was initiated
by a Suborder dated 12 December 1951 initiated by Mr. J. H. Allen
of the Equipment Laboratory, WADC. The CEO lic. is C=03.
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the drawings, and an independent check of all numerical calculations
included in this report were made by lst Lt E. D. Wong. This help
is gratefully acknowledged herewith by the author.who acted as project
engineer,
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ABSTRACT

This report investigates the stability of a gondola suspended
fram the whirl arm of the Parachute Test Tower at El Centro,
California (see Fig. 1) on which instability had been observed.

The work was started with an investigation of the pendulum
oscillations of the gondola neglecting the coupling between the two
modes. .The result, that both frequencies become equal at approximately
the speed at which the instability had been observed, was interpreted
as an inclination towards instability. Therefore a more detailed
investigation including the coupling between the two pendulum modes
was madee.

The detailed investigations showed that the damping of the
pendulum modes is extremely low. Stability, however, is secured if
the gondola has longitudinal static and weathercock stability and if
the slope of its cross force versus angle of yaw, ‘%% s 1s smaller
than the drag coefficient of the gondola plus eable.

Tests made on a 1:20 scale model of the parachute test tower
verified the essential parts of the theoretical investigations, namely

the predicted dynamic-stability, the low damping and the order of
magnitude of the frequencies. '

PUBLICATION REVIEW

This report has been reviewed and is approved.

FOR THE COMMANDING GENERAL:
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/ Colonel, USAF
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INTRODUCTION

When the Service Branch of the Equipment Laboratory, iwADC,
operated the Parachute Test Tower at El Centro, California for the
first time, a serious instability was observed at a speed of about
50 mph, that is about 1/10 of the design speed. This instability
prevented further use of the equipment until the stability of the
gondola could be improved,

Stability difficulties had not been expected, The test equip-
ment had been built on the assumption that it would behave like the
parachute test tower owned by Pioneer Parachute Co., Inc. which had
never shown any difficulties resulting from instability. The two
parachute test towers, that at El Centrc and that of Pioneer Parachute
Co., however, are remarkably different in size and are not dynamically
similar to each other.

The motion performed by the gondola after a disturbance had not
yet been studied either by systematic tests or by analytical investi-
gations. It was obvious, however, that the motion of the gondola had
a certain similarity to the motion of airplanes, Therefore the Air-
craft Laboratory, WADC, was requested to perform a stability investi-
gation,

THE EQUIPMENT

The gondola which will be investigated stabilitywise houses a
parachute and a dummy of a man. The gondola is designed to be whirled
around a vertical axis with speeds up to 500 mph. The parachute and
the dummy are released when the desired speed is reached,

The dimensions of this parachute testing equipment are given in
Fig. 1 and 2, The whirling arm has a length of 56 feet and extends
horizontally 120 ft above the ground., The arm is driven by an electric
motor of 2800 HP controlled by the Ward Leonard system, Between the
shaft of the driving motor and the axis of the whirling arm there is a
gear reduction of 22:1, This high gear reduction makes the whirl arm
self locking. A disturbance of the gondola will not affect the angular
velocity of the arm,

The gondola has a diameter of 28" and is 112" long (see Fig. 2).
The center of gravity of the gondola is located 41% of its length behind
its nose. Static longitudinal stability and weathercock stability is
secured by tallplanes. The gondola is open on its bottom which increases
the drag of the gondola considerably. The weight of the loaded gondola
is Wy = 685 lbs, its empty weight is We = 405 1bs,

WADC TR 52-78 1
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The gondola is suspsnded from the end of the whirl arm by one
or more cables of 116 feet length, During the runs showing the instability,
a six cable suspension was used. These 6 cables were housed in two stream-
lined sheathings, each including 3 cables. The profile of the sheathings
was NACA 0020-63. Fig., 3 shows a cross section through the sheathing and
the cables., The two cable units were attached 19 inches in front of and
to the rear of the center of gravity of the gondola,

THE PROBLEM

A s0lid body moving freely in space has & degrees of freedom, In
the present case of the gondola, one degree of freedom is eliminated by
the cable, if one assumes that the cable is always kept taut., This
assumption is made throughout the following investigations,

The remaining five degrees of freedom are coupled with each other
in a manner remarkably different from the free flight conditions, There-
fore the experience gained on free flying aircrafts and models cannot be
applied to the stability problem of the gondola. The equations of motion
must be adapted to the present case and solved anew,

It is the purpose of the investigation at hand to analyze the motion,
to find out which conditions might cause instability and which precautions
prevent instability, and finally to check the theoretical results
qualitatively by model tests,

The five rigid body degrees of freedom of the gondola may be
described by five angles shown in Fig, 4.

q,b'&' q.| = the angle of the cable measured in a radial plane,
that is a vertical plane including the ammg
is the component which belongs to the steady
state conditions., It can be calculated as a
function either of the circumferential velocity
or of the angular velocity, ¢, of the whirl amm,

Q'Z = the angle between the cable and the radial plane,
measured in a tangential plane. Precisely speak-
ing there is also a steady state component @ ° due
to the drag of the cable and the gondola, 2
but g, is small and will be neglected in this
calcula'ﬁon.

q, = the angle of pitch of the gondola measured in the

3 tangential plane from the horizon. If the gondola
is trimmed accurately the steady state value q-go
is zero,

WADC TR 52-78 4



Fig. 4a ~ The "Tangential Plane" and the "Radial Plane"

The "Radial Plane" is a vertical plane including the arm OP,

The "Tangential Plane" is a plane containing the end point P of the
arm and the tangent of the undisturbed' flight path,
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‘h = the angle between the gondola axis and the tangent
on the undisturbed flight path measured in a
horizontal plane., If the point of attachment is
different from the center of gravity of the gondola
the centrifugal force will produce a permanent
angle of yaw @ 0. The same may be caused by
unsymmetry of the model or by rudder deflection.
In the calculations G 4,0 is assumed to be zero,

5}5 = the angle of roll measured fram the position where
the c.g. of the gondola is in line with the direction
of the cable-end-tangent.

Precisely speaking, these are not all the degrees of freedom since
the cable has the possibility of moving with an infinite number of mode
shapes, These motions can be split up into two components located in
the directions of 9;1 and q 24

The basic mode shape is very similar to a straight line represented
by the cable with an amplitude Q3 and G 5 . The higher mode shapes

have nodes and will not be included in the present analysis. They may
be added later in a more extended investigation, if this is required,

A decision had to be made about the type of cable suspension to be
investigated. The tandem arrangement of the cable units was suspected
from the beginning as a possible cause of the observed instability,
Therefore a mathematical verification of the instability might be of
interest. The following reasons, however, prevented the investigation
of the double suspension. The cable sheathing was so designed that the
aerodynamic center of pressure was located behind the center of gravity
of the sheathing and the included cables., Consequently the cable sheathing
would be twisted and high crosswise aerodynamic forces would be produced
on the sheathing which could not be neglected. A sufficiently accurate
.treatment of these forces, however, would not be possible, since the
irregular initial distribution of the twist angle along the cables was
not known and no data were available about the friction between the
different assembly units of sheathing. In addition, the mautual aerodynamic
interaction between the sheathing of the two cable units would have
complicated the calculations. The results, moreover, would have been of
academic interest only, since it had already been decided to use in the
future a single cable suspension. Therefore, this investigation is
confined to the single cable suspension.

WADC TR 52-78 7




THEORETICAL INVESTIGATIONS

Performance Considerations

The stability investigation will show that the damping of a
gondola disturbance is proportional to the drag coefficient of the
gondola and cable, Consequently the highest drag would provide the best
stability. Therefore it is of interest to find the highest drag coefficient
compatible with the required speed:of 500 mph,

For lower speeds the cable angle depends upon the speed. Conse-
quently in the low speed range an exact performance calculation becomes
involved. Fortunately, only high speed cases are of interest for per-
formance considerations. For these cases, however, the cable can be
assumed stretched horizontally. This assumption has been made in the
following calculations.

The total drag of the rotating system is composed of the drag of
the gondola, the suspension cable, the pipes and wires composing the
whirl arm, and its supports,

All drag componenis are assumed in the fom
2
Dy =56 [ ¥ad o

where /° 1is the mass density o} air, Cp the local drag coefficient,
which is assumed independent from Reynolds and Mach number, x is the
distance of a point from the center of rotation, d is the diameter of
the part, &) is the angular velocity of the whirl arm, The dimensions
of the framework have been substituted as given in the stress analysis
of the tower, The gondola suspension has been assumed as a single cable
of 1-7/8 inch diameter, The drag coefficient of all cables and steel
tubes has been assumed to be 1,25 based on their frontal area. The drag
coefficient of the gondola is assumed to be 0,2 based on its main cross
section,

The result of these calculations are plotted in Fig, 5. The upper
curve refers to the unsheathed cable, the lower curve to a sheathed cable
with the drag coefficient Cp = +2l, based on the cable cross section.

-The drag of the unsheathed cable causes 87% and the gondola 6-1/2%
of the total required power,

WADC TR 52-78 8
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The lower drag coefficient of Cp = .24 can be realized by using a
triangular sheathing as shown in

Fig. 6. This type of sheating is
- "é§§§55:355>~—-' considered cheap in manufacturing
cost and upkeep,

Triangular Sheathing

MASS BALANCE
< A still lower drag coefficient can
- %@& - be obtained by using a regular
; symmetrical wing profile, This,

' however, will require a mass
Wing Profile Sheathing balance and is considered more
expensive than the triangular
Fig. 6 Forms of dynamically stable sheathing,
Sheathings

The available power is also shown in Fig. 5. The output of the
driving motor is 2800 HP and the maximum power on the whirling &rm i 2240
HP, if a loss of 20% in the total driving mechanism is assumed.

The graph indicates that the required gondola speed of 500 mph

can be obtained, if the drag coefficient of the cable is not higher than
024,

Shape of the Cable Under Steady Motion

The knowledge of the shape of the cable under steady state con~
ditions is important. Only if this shape is known can reasonable
approximations be found and justified. To begin with, the shaps of the
cable in the radial plane will be calculated. This is determined by
the weight and the centrifugal forces,

In order to obtain simple conditions, this problem is solved in
two steps. First the equilibrium posttion of the cable is calculated
under the assumption that it is a straight line., Secondly the deviation
from the straight line is calculated and it is shown that this deviation
is small,

WADC TR 52-78 19



a. Equilibrium position under the assmtion of a gtrajght line

cable shape,

o P The coordinate along the cable
[ is called x . The origin of

' the coordinates is put at the

AR+ Sings «fdx end point P of the whirl arm,

32

y | Equilibrium is obtained, if the
gad» | \| sum of the moments about point P
-- : vanishes. This condition gives
' the equation

m (R+ZSINQ.) o

_4)
\_/
£

mq 3 E |
' N fm (R4 ng) Lcos e
\ + [ A (RYALSING )% Cosgr.dx}wz
*
=mglsINg .+ «% SINQ.dx%
Fig. 7 Cable forces for the g 9. 5 ! Qo
assumption of a straight |

cable shape
2
{/%;"— (Re€singe) + B « %—S\ngra} & =g (:’—:‘: + %—) tan go (1)
cr

e _ g(%a——‘é) tang,

@
—:';;’:- (R+LsINGo) + %4 a-%i-?sm 2,

The numerical relation between <) and Q.as obtained by evaluation
of equation (2) has been plotted in Fig. 8, One sees as long as the
angular velocity is small the angle Q. changes rapidly withco. At
higher ¢&J however, q_o changes very little and approaches 90° ’
asymptotically.
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b. Deviation of cable shape from straight line.

o . Py In order to designate the devia-
- tion of the cable shape from the
straight line, the coordinate y
‘ Q— is used.,
- ) ' The coordinate x is the same as
w before (Fig. 7). It extends from
the end point, P, of the whirling
arm to the center of the gondola,

mR¥LIING ) W

| mg s

e e —

\

1

Fig. 9 Coordinate system for x
curved cable shape

Since the x axis has already the average direction of the cable,
the cable slope a;j_ will be small. Consequently the length element

i
° d;-‘jdx +dy® =dx

The components of the cable tension in x and y directions are

FA r -
Te.={m(R+ZsIg+,4 (REL+ S 5ING0 Rx-’—z(i sin qe)} Wsing.

+{m+(Z-v) ) gcosg. (3)
={m(rRedongo) +R (RL+ %Lsmo_p - Rx--’é—zsmq,b}a?cosgro
(&)

—{m +a (L-x)} gsnge

Remembering that {/m (R+ZLsinge)+2 ( +-§C;5m Qo )} w?cos 9o

—(m ‘*/cz‘)g SN q_o = 0
WADC TR 52-78 13




equation (4) can also be written

T s (Rﬁ-i»zﬂ-smgr)w COS Qo - gsmge
Y ‘ —(Rx +—7—(’-3m9,_)w Cosq, T+ XJg sing,.

In this form it is ?sily seen that Ty changes its sign in the
neighborhood of %= , which indicates that the cable curve can not
deviate too much from the straight .line,

The differential equation of the cable curve is

dy _ Ty
ax Tx (5)

o

S
which gives after factoring g?n
x

{(mr+Zsinge)+ 0 (RL+ étsvn 9,.)} =(mrL) gtang.
A (RW*-gtangq.)x - ’3&) 51NG, K2

[M(R-\—-'QS\nQ,)-I—/Q(R(-r—-SIH_Q)]'QJZ-P(M-V%i)QCOfg_
-R (RW™+ g ot g)x- 2% S wising,x*

Yy = cot q.o d

o)

The x2 term in the denominator is removed by dividing by the numerator:

|+ J(tang.+cot ) [-(m+@L)+2 x ]

- cota, {m(r+Zsingo) + 2 (RE+Esingoi}ews
J 4 + (/m +4 %) g coty, —,gr_ewa gCotg{o)
2’3-60 S\n g, x*

%

(o

After splitting the fraction up into linear partial fractions and
integrating, one obtains

Y= COtQ_o {’X— _g(zan %é+ cotgo) [Kl ln(l-—-‘i—)+ K, lh(l‘%))}
(6)
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a+ot b

™
e
]

oA ~&

a+,&b
K2 == =3
a = “‘(/%ﬂ~h/£56)

A = {/m(R+£5mq,o)+/g(Ra€+ ‘;Zg-smqp} w*r(m+rL)g cotq,

b= %
B =, [Ruw?rg cotq,]

G - é‘:ouZSMQ.

The shape of the cable is plotted in Fig, 10br q, = 45°,

the angle at which the maximum curvature of the cable can be
expected. One sees that the deviation from the straight line is

less than 1% of its length, The substitution of the cable shape
by a straight line is thus justified,
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The Pendulum Modes Treated As Uncoupled Degrees of Freedom

a. OQutward-Inward Oscillations: This motion is restricted to the
radial plane (Fig. 4a). The forces acting are the weight, the centrifugal
forces and the cross forces on the gondola, Assuming that the gondola has
a high enough weathercock stability, the gondola will turn its nose always
into the resultant wind so that the cross forces become zero, Therefore
the airforces will be neglected in the treatment of the uncoupled motion.

The total moment about the point of suspension, P, is
3
M= {mrrLsin (g )] £ +,QY_R£‘- +9-C; sin(grg i afcos (4.0

- (mirpo —a—}_qsm(q,wgr.)

The equation of motion

<’m’f2+/°°3 g - ag‘ g =0

becomes

(mL+ ’4"8) q + [(xrn.t+,4§)gcosq. + {rm(R+.;(,smq,,,)=C
4/%(R1(-+ i—smgﬂ,)} W siNG,— {_mvz ,Ocs}cosg_oco]q_ o)

or §u Ynn,@z S cos g.- cog s (S rsing o+ o255 +~—smq)w smq_}%‘o

| e &
The related frequency is
o m+{ -{-smqo)-\-/Q;i(z%+~‘§smgm) wZ A
Y= w\/[ rn SINg,—C057g J+ _T%ﬁ:f (8)

The period T,, = j%;; is plotted versus the whirling frequency in

Fieg. 11, where it is marked T .

The period of the uncoupled outward-inward pendulum motion reaches
about 90% of the whlrling period,

b, Fore and aft oscillations: ‘This type of oscillation occurs
in the tangential plane, The restoring forces are again given by the
components of forces related to the grav1tational and the centrifugal forces.
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Coriolis forces do not enter the investigation of the uncoupled
oscillations, since these are typical coupling forces,

The restoring moment is produced by the gravitational forces and
by the centrifugal forces. The centrifugal forces act horizontally and
point in a direction away from the axis of rotation, The centrifugal
forces can be resolved into two components, one producing a moment tending
to restore G5 , to zero, the other producing a cable force and a moment

which tries to increase (1. (See Fig, 13)

The restoring moment produced by the centrifugal force on the
gondola ¥s mm[R+ ;(Ssn(3°+Q)]co sn gL where &’ is the angle
defined L:.s.ter in Fig., 14 and in equation 15. Substituting the value
for sin ,6' and adding the contribution of the cable one obtains the
total restoring moment:

Mz=—[*/%%%’z, //ﬁsl‘%—q—_-d,u-/mg@s% af+ﬁ,¢gcosq,ad/,]qz

= —(m+ %‘i)( %%’?_% + gcosg, L)

The equation of motion is
2 & 2 3£3 Py 2 R w? '
(mZ>+ 3 )q'z+(/m+ 2£>(smq.o+ gcosq"")i)Q—z =0

which has the frequency

o . IR ZE R Joosa. ,
V= Nt (B, ) )

The period T, o = 1/1: is also plotted in Fig. 11. For g = =57 Thy
starts out with less than 1/3 of the value of "I and becomes higher
than T  for g, greater than 60°. ‘

The fact that all three periods T; , T2, and T are of the same order
of magnitude leads one to expect strong couplings. This will make the
evaluation of tests difficult unless one of the two modes is much more
dampad . than the other, It also makes an investigation of the coupled

motion necessary.
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Derivatior of the Equations of Coupled Motion

The investigation of the stability of the steady state motions
of the gondola is the main purpose of the present report. This will
be done on the basis of the theory of vibrations developed by Lagrange.

The degrees of freedom considered are described by the coordinates
QJJC12,C¥3,§¥4, which have been introduced before. This means that the
rolling motions of the gondola and the torsional and translational
motion of the cable in itself, which do not affect the position of the

cable ends, are neglected,

In order to eliminate the internal forces produced by the cable,
the equations of motion will be used in the Lagrangian form. Using the
symbol H for the kinetic energy and Q3, 9, 3, Q for the generalized
forces belonging to the degrees of freedomcil,g;z,q}3,C%h, respectively,
the Lagrangian equation of motion can be written:

g aH _ 3K _ o
ot og, 99, ~ L

d o __aH _
EEQQL 39&_Caz

d aH 24 (10)
9t 333" 393 Qs

daHd _ aH _ Q
The kinetic-energy will be calculated in the rotating system,
Consequently the centrifugal force and the Coriolis force will be included

in the generalized forces Q.

The kinetic energy H can be split up into two parts, the kinetic
energy Hg of the gondola and the kinetic energy He of the cable,

The velocity has two components each one in the direction of the
coordinatesQd; and C}z. For the gondola these components are

Vig = < éil
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For a mass element of the cable having a distance x from point
P the equations are:

Vie = Xé—n
Veo = %4,

Consequently

.

= H5 -\—.HC = "z_ﬂﬁ(izé_z, +£2q. )+ ﬁ-(j 9'1 fg}_ )

| *2
+3z 1, 9r3 + —2- Iigm (ix)

The generalized force Q, is the work done by the external forces
during a virtual displacement &§Q, divided by the displacement &},
The external forces are the gravitational forces, the air forces, the
centrifugal forces, and the Coriolis forces, that is all forces except
the cable force, which is an internal force.

The direction of the gravitational force is vertically downward.
The centrifugal force is in a horizontal direction outward. The Coriolis
force can be written in vector symbols

Fo = ~2mm O xV (12)

and may be split up into components according to the two components of

the velocity ¥ . Since all vectors of the form <¢Ox & are perpendicular
to the vector <o which is directed vertically downward, they are 21l

" contained in a horizontal plane. The componeht 2cosg X coq, points back-
wards, while the component Eicoq, points away from the axis of the tower,
(See Fig, 12)

The lift force L on the gondola rolls with the gondola and has
almost the direction of the cable (See Fig. 12). Drag and cross forces
are perpendicular to the 1lift.

It is assumed that the gondola is trimmed for Cp, = O and Cc = O

and that it moves at minimum drag coefficient as long as the speed is
steady. This means that g—b O and 3%7 O
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!} ! P T om R+ S\F(Qw q,.)] w?
o \P

The gondola is shown

L Dsing ~ for G 5 =0.
Otherwise only second
order terms would be

emdew S?-,_ added.
m [R+ZL s (34 )] co™

mg

am’._z_fwcosgb% Fig. 12 The external

forces acting
) on the gondola,

Subseript p means the
magnitude is not shown in

Centrifugal force: — 711 (X x (O x F) full value, but in pro-

Jection only.

Coriolis force: =271 c0 x<F
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Consequently
Q, —muﬁ[&+£snn(qg«q\]f oS (34t Q) — WJ‘(*'“(%*Q-) y
-'+ Oe O j\'_‘:a*xsm(q_o+q,):[x,Cos(qr+q,3<i7c -A9 sm(qm,) xdx
+(Cp snB-C) L v ®:C + 2mZ2w cos (Q#q,) Qz.
+ 2Rw Cos(q+Q,) / xzcba 4,

or
@, = m{ 0 [ReL5INGrg)| L C05(q9,) ~ L SN(Q+R))
2 _p3 2
+,q W [R £ i SN (qm+q.,)]cos(q°+q,‘) -2 gsin (Q,,,+q.) Z
G
+{cp-2 5485 ﬁv ®L + 2[/ma£z+,c&.-r] cos(3+gn e §, (13)
Before the neralized force Q is derived, the location of the

centrifugal forec e gondola relative to the virtual displacement cS z
will be described is located in a horizontal plane and points in

the direction from the axis of rotation outward (See Fig. 12). It is
resolved into three components, g has the direction of the cable,
perpendicular to the cable in the direction of increasing q.| , and %
is horizontal pointing in the direction of decreasing qa

One reads from the rectangular spherical triangle P Q_G Fig. 13.
cos PG = C0SQs COS(Goat Q)

o /L % = =l
Sin q.z sin PIG. - n= S Q_ZCO.SZ(C.Lw ,

When q. approaches zero and if q.l and q—z are small one obtains for
q_’z the limit value ™/, as one would expect,

For finite values of G, and small values of @, and Q, one can

/ q
%G =4 %o A O (14)
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Fig. 13 Division of the centrifugal force ¢

into three components.

. The location of the component C}gn:' of the centrifugal force
relative to the cable is shown in Fig. 14 in two projections.

P

Mg €05(.+9)

a, Plan view b. Tangential plane

Fig. 14 Position of the centrifugal force

relative to the gondola.
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Considering that PG" 1is
the projection of the cable
length in a horizontal plane
one has PG" = &L SIN (qa+@,.)
Hence

R _sing’ g
XLIN(3xg) T sin! T ot

for small ol’ and &’ .
Further 1is

L
! 'z/m;(cows%é according to equation (14),



Hence, when q” is neglected in comparison to C;D:

(15)

J_ R G
S [R+£Sm(:+qﬁ5mqb

Using this result, the component ‘{anof the centrifugal force
‘é=/m[R+;ﬁsm(q.,,+q‘)] w? becomes
2

. / 71 R O
Prg = bsf’ = EFT2 Qe

This force is perpendicular to PG", Similarly one obtains for the
corresponding component of the centrifugal force on a cable element

4, = ARUSE g

S a,

After adding the contribution of gravitation, of the Coriolis force,
and of the air forces one obtains the generalized force

£
r, MRS
Qo = ~{geos@ua)lneraf 1+ Tggs rterfa,

. . (16)
-2 q_l,:f,zoo cos 9, (21+,2 §) - oL

This equation is not valid for @,= O, since equation (14) has been
used, The case Q.= 0, however, is of no interest. The contribution of
the lift force is but small and of second order and has been neglected.

The Coriolis force might be treated in the same way as the centrifugal
force, Since, however, the Coriolis force is small but of the first order,
the moment which originates from it by the multiplication by CLZ would be
small and of the second order., This component is therefore neglected. The
generalized forces Q3 and Q4 include aerodynamic moments only,

Qs .-.(%«%HS—%% ®15V? )
Qaq =(?7,€n,e +§§féﬁ @14 V? (18)
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The mass forces do not contribute to the moments Q3 and Qh since
and Q are rotations about the center of gravity. When the values
(27) and (18) are substituted into the equations of motion it will be

considered that

19

£Lg,
A= Qe (R+a‘§ﬁnqa)w (20)

These values are now substituted into the Lagrangian equations of
motion (10),

d "H 3 s d H _ 3]
dtgﬁ, = (mde%)q, 3% 3 “3_3 = Ly 9,
P2al - o4 _

q, © 3q, =0
d O)H _ 2 i‘ .e a QH _ .r
dt g, ~ Llm+ $AR) q, 3t 53, ° 129,
S H : _ >H
34 = 0 3——-4, = 0O

Couseq%ently the equatlons of motion are:
d
(2 3.,) £°G g =
m {[R +Z5NG& )] £ oS (Qet ) W~ FLSIN (242 ) + 27w cos CRIN) Qrz}

‘{/‘9{[R%1~——“\Y\(Qr-\q\]a) c0s(a+9.,) - gzsm(gmﬁ )«-z_gg%cos(q;q‘)'q%

Coy 2 ‘
+ (-5 VER@L(G,t (Rﬂi{%(“w)

(21)
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‘ (/m+§,4,):fz§_,_ + 2(mMm i %C-);Cawé_l Cosq,
&L
+ {gcos(qo+q.,) [/m£+/€ :‘_at;"] +% R¥E wz} Q,

+/23v"cp®:£ = 0 (22)
1,4, - [5679:+ 3 9(3] ®15vE = O (23)

£ 500 o) 1300 ] 01 v 0 (@)

Linearization and Nondimensionalization

of the Equations of Motion

The investigation will be confined to small disturbances to the
steady motion, Therefore it is permissible to neglect terms which are
proportional to quadratic and higher powers of the disturbances., If the
angle, by which the gondola lags the whirling arm, is disregarded, the
disturbances are Q31, Q 2, 93, and § ;. Terms, which do not include
these variables belong to the steady state motion, which has already been
taken care of, Consequently only those terms are retained in the equations
of motion which are linear inQj, Q 2, Q. 3, and q 4.

If one uses the abbreviation:
Vo = (R+Esing,)w

the square of the speed can be linearized as follows:

V= V5 2z [Resing, [cesqu8g + w @, ] (25)
After linearlzation one obtains from equations (21) to (24)
(/)n +/oc ‘-') ;C‘- =

m{- [Rﬂt&nq]iufs\nqoq+qc"coszqow2q g.Ccosgﬂ,gr, r22 cosé’;owé’é
/9{ [_-— +-5mq]t‘w smqhqﬁn Coszqu_ 7q_1 CObé} Q},+Z§C05 9yt Q,

2Cc L9,
(&3 )[-h*mmtjpwgr)ft/ov QL
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;faQ'_ + 2(m 2 ;;é) fzwc'q,‘ cosq,

~ £
Tigcez (mf-«/ﬁ* ) + /L”_%é ??“’f*‘L7<},:_

)"/

ol redongXeosq wa+ wg ) GR®L = 0
(27)

(e r34)®tEv = o (28)

X C 2
224, [ 35 (0 medobiomym ST g®lEV =0 (@)

These equations will be transformed into the nondimensional form,
The nondimensional. form has the advantage of a direct comparison between
full scale and model tests and making clear which combinations of the
parameters are essential, Moreover, the coefficients of the equations
become all of the same order of magnitude which makes it more convenient
to handle,

For this purpose, the following substitutions are made: Instead
of seconds, the value T is used as a unit of time, which is defined
by:

-
= — . 0
v & [sec] (30)
The mass factor:
— Yeddl
A= T (31)
and the following abbreviations are introégced
D = W 2 . L Ly
@ g i’ *y U o 7
g"; SC’C sz__[_ I (32)
= - 2% 24 ml*
— 7 A _, . AL
t —%v- ™ =l*‘3c—l+%



Primes ( /) are used for designating derivatives with respect to t,
tz:Z
After multiplying equations (26) and (27) with ;7= and after
dividing equations (28) and (29) with o<v.,*® ( one obtains

Mg+ ( ;.%—+5mq ) B2sin 9.9, - Cos’q, %G+ g cosq Q,—2 oS %Zﬁq.’z
+/g£(-'z- -—smq>w smqq.‘-——cosgrco 3., + cosg)rqq—--s-Cosg, coq_}
2 Ce L
= %Z/.“ (CP )(94 T (RYLSNIH0 q, ) =90 (33)

Mq’,’ +2M & Q_,CO~>%°
[c_; cosg_h(l-}-/Q ”_“_S\,fg: = & }9—1
+/z|{-( _ZE +7$|nq_°><COSa_o CUzq,‘ﬂ' wé}.l) C.D = QO

(34)
A9 —5 (52 %+ 38 ) =0 0

g c 29 N
KRz Qe - [a ﬂ(q""’_ (R+(3—nq°)c'b) 39: 9, =0 (36)

After collecting terms the following equations are obtained:

/4 c:_ 2
MY, Z"M(CD E >(\z +5C8mq°) s} g
{[R+smq + Z( 5 +&ang)| S g - Wieos, (38)
+72(§-L @ cosg)cosa, 4 Teos g} @,

—2Mcosq_,,c,"x')9r;_——'2-%,z/(cp—%%‘)q4 =0

2e05g, M3 gl + 7 ( Tslﬂgr,)coéﬂ-o@'zcbga (39)

e +F sinan & Coa
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2 u 1 2C / 1 20
439 239 % Tz 5 % - © (10)
130 L 1 aCn_ 1 2Cng -
2 98 (R+Lsingyw gr ’k 235, 234 A = O ()
The solution of the equations is assumed in the form
t
1),1:% - Ah e(’éh"'wh)i (42)

g, = An€

If the solution is not identically zero, which would represent the
case of undisturbed motion, which is of no interest here, the determinant

of the system of ejuations (38) to (41) must vanish., This determinant
has the form
b Oy

C“'l)z+ b\\1) '\' Q.n
(43) ba v + Qz CprVF oV Q,,. — —
where
C=Cae=M
OC 2 Q'CL
oy ~palCo-399 st = £ (-3
A)cosq o

[i(\-\-/))-\ MS\nqa‘ dBlswng, - I *M ces*g .+ g(\“

bra. = -2 MT cosqg.
- _a_f:c :
(44 )

Dz = 2M & c.oggm = .-t,/
= (0 Cpeos 4.,
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2
Caz = oy
b - 1 2Cm
788 T TZ 3y
- 1 2Ch
sz = -7 3
by, = —L 3Cn £
4 2 38 (RxLSNQHDO (
Cus = Aok 44)
4 z ,
1D
bas = ~2 acqtz
|
Ot -3 55"

It follows from the determinant (43) that the pendulum degrees of
freedom Q. 1 and 2 are independent from the rotary degrees of freedom
and @ h-ifceither aj;, or by is zero. &y, can become exactly
zero, if Cp = e s although even a slight deviation from the exact
36 app

zero gives ajy, reciable value because of the large numerical value

of <. with which (Cp~ %% ) is multiplied,

The other conditicn under which the separation of the two groups
would take place is that
L 3Cn L

2352 {R-\-ii}”\ Q) (O
would be negligibly small., Since <i(srgswants is of the order of

.02 and since Cn(A)is very likely to have a S type characteristic with

an almost horizontal tangent for & = 0, %é“would also be very small,

b4| =

Therefore the assumption that b;,] = O is a god approximation,

Nevertheless it should be kept in mind, that from here on the investigation
is somewhat simplified.

If by = 0, the determinant (43) splits up into

c VUV b+, b,
(CasV¥ byg+ Az )(Can P DuyV+ Qs =0 (145)
* % A - ) b2V + &z Ca bziﬁ'}’ Q2o
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Instead of an eigth degree polynominal, two gquadratic and one
quartic equation has to be investigated.

Stability of the Coupled Pendulum Degrees of Freedom

The quartic determining the stability of the pendulum degrees of
freedom Q.3 and Q o can be written:

' + qu)?’ <+ f\z_«)Z +ADVTF AL = O (16)

A4'1~

Here, the following abbreviations are used:
Al& = Ciy C22
A3 = Cil_ bosy + Coa bll

Cy1 agp + by bap + Cpp 337 - by byo (47)

>
N
]

A} =Dbyy apy +byp a1y = D1p 8y
Ay = a1y ap
The conditions for stability are

R=AAMA-AA-AN > O

If the Routhian discriminant, R, is going to be chosen as a measure
of stability, the coefficient A, of the frequency polynomial must be made
equal to one. This means that each coefficient A 1is divided by 4, = M2,
If we retain the coefficients as being given by equations (47), the
discriminant Routhian has to be divided by M°, One has

R \ -
Me T Wl [A\(AzAa—A:A4) - AoAg’ A

Substituting the values from equations (47) and (44) and considering
that bj; =« O one obtains:
AL A=A A, = CoME( O+ Qgpt 4M T57C05*,)-MP(C50 + 2M &) c0s5*q,Cp)

= CpM?{ Qo2+ 2ME7COs™, |

AAA~AN) = CEMH(a,+ 2 M 8070058, ) (A, + 2 M 0° cos*q,)
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AoAg- = o Op2 ME CDZ

T\% = M,,,{(a,, + Qpz)2 M % cos g+ 4MFE0* cos q }
R 2CE — —
e = KA—? wzcoszqo{an + Clyp + 2M 0% co.szqro_’)1

The values of a1jand ay, are also substituted according to equations
(k). The abbreviation

z :
N = Nz = T (48)
3

is used, It is _
=M E N 202Gt DO (sing,~Co5%g0) + & N cos 9.}

Czz= MN{Fcosgo+ m &5}
Hence
R _2C5

Ve = We o cosq{\ "NY c,osq, + i(sm@h, mq )]}

After substituting the nondimensional values & and 7% by the original
values one obtains

2 2 <
B = Sk [ Boaad)] ) oo

Since O < 370 < «_{_ it is obvious that F can never become negative.
Consequently the only possibility of instability is that one of
the coefficients A, may become negative. Numerical calculations will
show, however, that this is not the case., Consequently no dynamic
instabilities are to be expected,

The result of & numerical investigation of the stability of the
system with a single torsion free cable is reproduced in Table III. The
calculations are based on the data of Table I. The calculations are made
for the fully loaded gondola of W = 685 1lbs and for a cable with a weight
of 5.17 1b/ft including the weight of the sheathing.

WADC TR 52-78 2




The Table III lists the coefficients Ay, Aj, and A of the frequency
polynomial for the range of 4., from 5° to 85°. A3 and A have the
constant values A3 = ,2326; A = 1.670. The drag coefficient of the
gondola including part of the cable drag is assumed to be Cp = 0,24,

This value might actually be eomewhat higher. This difference, however,
would affect the stability only very slightly.

The frequency polynomial has been solved by means of the method
developed by H, C. Gebelein* which is considered especially suited for
cagses like the present one, where the roots are located relatively close
to each other. The damping ratios ‘{ 1 and 9 5 are extremely low, i.e.,
in the order of about 10~7 and 10-3. Because .of equation (49), however,
one is sure that an inaccurate assumption or a variation of the data will
not lead to instability.

The periods T; and T2, which were calculated previously neglecting
the mutual couplings, are also listed in Table III. A comparison with the
former values shows that the coupling decreases the periods at all cable
angles qq,. The cable angle, however, for which the two periods are equal
to each other, remains the same (52.h°5.

MODEL TESTS

The theoretical investigations shown on the preceding pages had to
be made without reference to other reports since no analytical treatment
of the same or a similar problem was known. Therefore it was desirable
to verify the results by tests at least qualitatively,

Checks on the full scale equipment were out of the question because
of required time and cost., Therefore recourse was made to tests on a
1:20 scale model,

It is obvious that a dynamically similar model in an exact sense
could not be built, While, for instance, the full scale Reynolds number
of the round unsheathed cable is above the critical number, the corresponding
Reynolds number of the model was below the critical number,

These insufficiencies, however, were not considered serious, since
the theory had revealed their secondary importance, The intent of the
model tests was not so much to reproduce the characteristics of the full
scale equipment as to check qualitative theoretical results similar to
the following, The frequency of the two pendulum modes is about equal
and as long as the cable angle is helow 70° both periods are shorter than

# H, C., Gebelein: Treatment of Fourth Degree Equations - AF Tech Rpt No, 5992.

WADC TR 52-78 | 3



the period of turning of the arm. All configurations going to be tested
will be stable, but the damping will be very low,

It was especially the latter result which would represent a sensitive

check, The only instrumentation needed would be some means of recording
the motion following a disturbance.

Dynamic Similarity

The Qynamic similarity of the model was based on the length scale
factor /\. = 1:20 and on the requirement that the direction of the
resultant of centrifugal and gravitational forces should be the same for
the model and for the full scale equipment, Since the gravitational
acceleration g is the same for model and full scale equipment, the
centrifugal acceleration X had also to be the same, This means that
the circumferential speeds had to have the ratio \Qukl‘xﬁﬂle \ :VZ3

. . QA

Masses were reduced by the factor Z = 1:8000. This applies to
the mass of the gondola and of the cable, The similarity of the air forces
is fulfilled automatically,

For two reasons, no effort was made to obtain similarity of the
moments of inertia of the gondola, First, the moment of the inertia of
the present gondola was not known and the data on the new gondola which
is going to be designed were not yet available. Secondly, the theoretical
investigations had shown that there would be very little coupling between
the rotational degrees of freedom and the pendulum degrees of freedom
which are of interest here,

Model Test Equipment

It was out of the question to build more than one gondola model.
Since the full scale gondola will later on be suspended with a single
cable attached above the center of gravity, the single cable suspension
was reproduced by the model, The dimensions of the new gondola were not
yet available, . Therefore the model was built in the form of the old
gondola adapted to a single point suspension as being used at El Centro
by that time, The cable was attached to a yoke, which connects the two
former point of attachments (See Fig. 15 and 163.

is arrangement has a large lateral area. Therefore the condition
Cp - §5% = 0 was very likely not fulfilled. Hence it was expected that
tests with this model would also indicate to what degree a violation of
the assumption Cp - g§§- = O would modify the theoretical results.
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The driving mechanism consisted, during the first tests, of an
electric motor designed for high gondola speeds. At the test speeds,
which were much lower, the motion was erratic. Even when a gear reduction
of 11:1 was used the motion was not even enough for reliable measurement.

Therefore, the electric motor was replaced by a compressed air motor.
Though this gave a much smoother drive serious fluctuations of the speed
were encountered when other tools connected with the same compressed air
tank were in operation, The available pressure regulator could not cope
with these pressure fluctuations, Finally an electric motor controlled
by the Ward Leonard system was installed, which gave satisfactory smoothness
of the turning speed. (Fig. 17)

The disturbance of the motion was produced by a Jet of compressed
air. The jet was formed by a mozzle mounted on a tripod (Fig. 18). A
suitable direction of the nozzle was found by trial before a measurement
was made, The distance of the nozzle from the gondola path was so chosen
that the disturbance was of a reasonable magnitude,

The purpose of the tests was to obtain numerical results on the
periods and the dampings of the disturbed gondola motion, The easiest
way was considered to be the taking of time exposure pictures of the
motion, For this purpose, the nose of the gondola was made of transparent
plastic and an electric light bulb was installed underneath of the plastic
cover (See Fig. 15 and 16). Light bulbs were also mounted on the end of
the turning arm and at the turning center (Fig. 18). The traces of these
two latter light bulbs helped in aligning and comparing photographs of
different tests,

Two cameras of 4" x 5" size were used for recording the motion. One
camera was located above the model tower, By means of a plumb line the
optical axis of the camera was lined up with the axis of rotation. The
view taken by this camera 1is shown in Fig., 20, The other camem was on a
tripod facing the model tower. The distance of its lens from the axis of
rotation was 29 feet, 2-1/2 inches. Its optical axis had the same height
above the floor as the turning arm, A view taken by this camera is given
by Fig. 21,

Eighteen different test combinations of gondola weight, cable weight
and additional drag were tested, as listed in the following table.

Run No, Gondola Weight Cable No, Gondola Drag

1 W ' G Dy
2 Wo G Dy
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PROTRAGTOR USED
FOR SPEED ADJUST

Fig. 19 Model Set-Up Showing Use

Of Protractor For Speed Adjustment
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-Trace of
Tip Bulb

-Trace of
Gondola

-Model Tower

Fig, 20 View of Overhead Camera

Fige 21 View of Ground Camera Showing
liodel in Operation

L2

WADC TR 52-78



Run No. Gondola Weight Cable No. Gondola Drag

4 Wy Cy D,
5 W, Co D
6 Wy C, D
7 Wi C1 D2
8 W, ) D,
9 Wy ¢y D,
10 W C2 D2
11 Wo Co Dy
12 Vs Cp D,
13 W C D3
14 Wo 1 D3
15 W3 C1 D3
16 W C2 D3
17 Wo Co D3
18 Ws C2 Dy

The numerical values of the gondola weights, cable weights and dimensions

of drag plates are listed in Table II., Each run consisted of measure-

ments at 5 different speeds corresponding to cable angles 4, = 30°, 40°,
50°, 60°, 80°. Each speed was run at least three times., Consequently
the total sum of test points was over 270,

The procedure on each test point was as follows. The speed was so
adjusted, that approximately the intended cable angle was obtained. For
this purpose a protractor was used as shown in Fig. 19, The accurate
speed was determined by means of a stop watch. The speed measurement
was repeated before and after each measurement.

Next the air nozzle was adjusted so that a .disturbance of suitable

amplitude was obtained. The lights on the model were switched on and
the lights of the test room switched off.

WADC TR 52-78 L3



Turns were counted from one to seven., Chortly before "three" was
proncunced, the airjet was turned on and the shutter of the cameras were
opened. The air Jet was closed as soon as the gondola had passed it.

The shutters were left open up to "five" or "seven" respectivel;y. The
path of the undisturbed mction was recorded on a separate film, Examples
of the pictures taken by the overhead and the ground camera are shown in
Fig, 22 through 27,

Evaluation of the Tests

In order to evaluate the records taken by the overhead camera,
enlarged prints of the size 14 x 14 inch were made and the deviations §
from the steady state path were measured and plotted versus the azimuth
angle, In cases, where the shutter was left open until "seven" almost
unsurmountable difficulties were met in following tke trace through
the many recorded turns. A plotting of 7 tests are shown in Fig. 27 and
28. These plots show the frequencies of the two pendulum modes and
indicate that they are shorter than the turning period. The damping of
the disturbances is so low that one might assume a slight instability, ,
if eye observation had not indicated that the disturbances never increased,
no matter how long the disturbances were observed,

The stability being so small one would expect to find some cases of
instability if the weight of the gondola, the weight of the cable, the
drag of the gondola, and the turning speed were varied., For all these
variations, however, no change of stability was observed within the
accuracy of the measurements. This result was considered a crucial
and sufficient check of the theory.

The rotary motions described by the anglesQ3 andQ, could be
observed in a small number of cases, (Fig. 26), which showed that these
modes have a shorter period and high damping which causes their decay
before the pendulum modes have reached their first maximum. This result
Justifies the separation of rotary and pendulum modes made in the
theoretical investigations.

A detailed evaluation of the overhead camera pictures was considered
not justifiable. Such an evaluation would have required a record which
includes the undisturbed motion and a high number of turns after the
disturbance. In order to discern between the different turns it would
have been necessary to install a flicker mechanism in the circuit of the
gondola bulb which produces different signals composed of dashes and dots.
This installation was not made since the obtained qualitative checks of
the theory were considered sufficient,
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Fige 22 Record Taken by the Overhead Camera

Fige 23 Record Taken by the Overhead Camera -
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Fig. 2,4 Record Taken by the Overhead Camera

Fige 25 Record Taken by the Floor Camera
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Fig. 26 Record Taken by the Floor Camera
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Explanation of the Observed Instability

Since the instability observed on the full scale equipment could
neither be reproduced by the theory for a single point suspension nor by
the corresponding model tests, the reason for the instability must be
looked for in the difference between the single cable and the double cable
suspension. This is the more obvious because the instability at 50 mph
did not develop on the full scale equipment any more after the double
cable suspension had been replaced by a single cable suspension, From
an academic standpoint, an exact proof of this statement would be of
interest.

A numerical investigation of this instability, however, meets the
previously mentioned difficulties caused by the lack of the necessary
data on initial twist and friction between the sheathing units. Since
the Equipment Laboratory was not interested in such an investigation, it
was not undertaken,

Conclusions and Recommendations

Based on the agreement between theory and tests, the following
conclusions are drawn:

1. Regardless what the weight and drag of the gondola and of the
cable might be, regardless of the length of the whirl arm and of the
cable, and regardless of the whirling speed, the gystem is always stable
if a one polnt suspension is used and if Cp - §%§= 2 0, i.e. if the
drag is higher or equal to the slope of the cross force coefficient

plotted versus angle of yaw,

2. A violation of this condition mentioned in point 1 seems to
have a minor effect on the stability.

3. The observed instability was very likely caused by irregularities
in the mounting of cable sheathing and by mutual interference between
the aerodynamic forces on the two cable sheathings,

L., Because of the observed instability and because of the
difficulties to be expected in a theoretical or experimental investi-
gation of the double point suspension, a single point suspension is
recommended,

5. From a stability standpoin$ an unsheathed cable of circular
cross-section is the safest. Since, however, the high drag of such a
cable would prevent the system reaching the required circumferential
speed of 500 mph a sheathing should be applied, which is flutter safe and

WADC TR 52-78 L8



has, under operational conditions, a torsional frejuency high enough
not to couple with the yawing motion of the gondola, This means the
mass center of a unit length of cable and sheathing should be a few
percent of the sheathing chord in front of the center of pres:ture and
of the elastic axis.,

6. The new gondola should have such a form that its slope of cross
force coefficient versus angls of yaw is as small as possible, This
means that the lateral projections of all surfaces, which produce cross
forces, should be kept to a minimum. If there would be no drag restrictions
a sphere would be the ideal form
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TABLES

Table I

Data on the Full Scale Test Equipment
Used in Stability Calculations

Altitude of thetower . . . . . . « « «+ .+
Length of cables . . . . e e e e
Length of Protruding Wwhirl Arm . . . . « . « .
Weight of Gondola Including Parachute and Dummy ., .
Empty weight of Gondola Including Balancing Lead . .
Load of Gondola . . .« . . .+ .+ .+ « « « o
Veight per ft of 6 Stranded Cables Without Sheathing.
Weight per ft of 6 Stranded Cables With Sheathing. .
Length of Gondola T L A

Cross Section Area of Gondola . . . . .+ .« - .

.

120 ft
L = 116 ft
R =5 ft
mg = 685 lbs
405 1bs
280 1bs
= 5.17 1b/ft
SR = 6.27 1b/ft
l =8.5 It

® = 3.1, £t

Center of Gravity of Gondola is Located at 41% of Length of Gondola

Slope of Pitching Moment Coefficient of Gondola ., .
Nondimensional Pitching Moment Coefficient . . . .
Drag Coefficient of Gondola Plus Cable . . . . .
iondola Mass Factor for Loaded Condition . ; o e
Mass Density of Air . . . .. .+ . + + o .+ .
Maximum circumferential design speed . . . . . .
Time Factor . . . . . . . . ¢ 4 . v e
Output of Driving Motor . . . . + + « « o .

Total Gearing Ratio From Motor Shaft to Whirl Arm. .
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Table II

Numerical Data of the Model Test Equipment

Length Scale Factor . . . .

Time Scale « + « « « o

Altitude of the Tower . . .

Length of Cables . . . . .

Length of Protruding Whirl Arm

Gondola Weights . & . . e

Weights of Cables ., . . .
Length of Gondola . . . . .
Cross Section Area of Gondola.

Diameter of Drag Disks . . .

WADC TR 52-78
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J/\=1:20
1: V20
6.0 £t

L =5,8 ft
R=2,8ft

Wy = 17.9 gr
W2 = 23,0 gr
W3 = 38,8 gr

Wcl = 17.1 gr ch!3h.2gr
5 -6 inehes
1. SLt $q . in.

Dl = 0
Do = 7/16"
D3 = 7/8n
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